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ABSTRACT
We present a novel, purely geometric probe of cosmology based on measurements of
differential time delays between images of strongly lensed quasars due to finite source
effects. Our approach is solely dependent on cosmology via a ratio of angular diameter
distances, the image separation, and the source size. It thereby entirely avoids the
challenges of lens modelling that conventionally limit time delay cosmography, and
instead entails the lensed reverberation mapping of the quasar Broad Line Region.
We demonstrate that differential time delays are measurable with short cadence spec-
troscopic monitoring of lensed quasars, through the timing of kinematically identified
features within the broad emission lines. This provides a geometric determination of
an angular diameter distance ratio complementary to standard probes, and as a result
is a potentially powerful new method of constraining cosmology.
Key words: cosmology: cosmological parameters – cosmology: theory – cosmology:
observations – cosmology: distance scale – gravitational lensing: strong – galaxies:
quasars: general
1 INTRODUCTION
The time delay between multiple images of strongly grav-
itationally lensed quasars is a cosmological probe (Refsdal
1964; Blandford & Narayan 1992; Suyu et al. 2014; Treu
et al. 2013). Such a time delay is a result of the geometric
and gravitational differences in the light paths correspond-
ing to each image. If the lensed source is time variable, such
as a quasar, the time delay is detectable via photometric
monitoring.
The gravitational lensing time delay is therefore a direct
physical measurement of cosmological distances, from which
we are able to constrain cosmological parameters. Conven-
tional time delay measurements are most sensitive to the
Hubble constant H0, to which it is inversely proportional.
Independent tests of cosmological parameters are especially
important given the current tension between determinations
of H0 at low redshifts from the cosmic “distance ladder” and
from CMB data. This tension is either due to unknown sys-
tematics or new physics (Ade et al. 2016; Di Valentino et al.
2016; Alam et al. 2017; Riess et al. 2018, 2019). It follows
that there is increasing interest in time delay cosmography
(e.g. Tewes et al. 2013; Courbin et al. 2018; Birrer et al.
2019). One such project is H0 Lenses in COSMOGRAIL’s
Wellspring (H0LiCOW; Suyu et al. 2017), with a current 3.8
? E-mail: angela.ng@sydney.edu.au
per cent precision measurement of H0 (Bonvin et al. 2017)
as part of the COSmological MOnitoring of GRAvItational
Lenses (COSMOGRAIL; Courbin et al. 2004) program.
The main caveat with regards to time delay cosmogra-
phy is that gravitational lens modelling depends implicitly
upon the assumed underlying mass distribution. In particu-
lar, there is a systematic problem associated with the “mass
sheet degeneracy” where the degeneracy of ill-constrained
lens models leads to uncertainties in estimations of H0 (Falco
et al. 1985; Saha 2000).
In this paper we present a novel geometric test of cos-
mology that is independent of the lensing potential, by
considering differential time delays over images, originat-
ing from spatially-separated photometric signals within a
strongly lensed quasar. Measuring these differential time de-
lays, in addition to the standard time delay, will give bounds
on cosmological parameters that are essentially based on
simple geometry. This is in contrast with conventional meth-
ods of determining cosmological parameters, such as steps
in the “distance ladder”, which are vulnerable to the details
of complicated astrophysics (e.g. supernova explosions and
structure formation) and to accumulating systematic errors,
as each method is used to calibrate the next (Riess et al.
2018).
The paper is organised as follows: we review conven-
tional gravitational time delay measurements in Section 2.1
and in Section 2.2 we introduce the differential time delays
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across images. We review reverberation mapping in Section
3, and in Section 4 combine reverberation mapping with
gravitational lensing. Section 5 describes a method for mea-
suring differential time delays and we discuss in Section 6 the
relevant timescales and observational prospects. We outline
our conclusions and directions for future work in Section 7.
2 GRAVITATIONAL LENSING
2.1 Background
If a gravitational lens produces multiple images of a source,
the time required for light to reach an observer will be, in
general, different for different paths. The time taken for a
given path can be found in the standard cosmological con-
text from the null geodesics of the perturbed Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) metric.
Consider a photometric signal originating from a point
source at a position ®β on the sky and at line-of-sight physical
distance ls which, if the source were unlensed, an observer
would see at time t = ti . As the source is lensed, an observer
sees this signal in a given lensed image X at a position ®θX
and at time tX = ti + τX , where τX is the time delay (e.g.
Schneider et al. 1992; Blandford & Narayan 1992):
τX ≡ τ
(
®θX, ®β, ls
)
=
D
c
(1 + zd)
(
1
2
(®θX − ®β)2 − Ψ(®θX )
)
. (1)
Here D = DdDsDds ∝
1
H0
is the “lensing distance”, a ratio of
angular diameter distances (subscript d, s, ds denoting the
angular diameter distance to the lens, source and between
the lens and source, respectively). The lensing distance is
thus the factor containing all the cosmological information.
We denote the speed of light by c, and the redshift of the
lensing mass by zd. The two-dimensional vector positions of
image X in the lens plane, and the source in the source plane,
are given by ®θX and ®β respectively; scaled such that their
magnitudes are the observed angular positions relative to
the observer-lens axis. The dimensionless “lensing potential”
is denoted by Ψ.
The first term in Equation (1) is a geometric compo-
nent, arising from the difference in path length of a lensed
versus unlensed photon; and the second term is a potential
term accounting for the gravitational time dilation caused
by the lensing mass. We note that the time delay τ is not
an observable quantity, since it is the delay relative to an
unlensed photon. We can, however, observe time delays be-
tween images, e.g. between images A and B:
∆τBA ≡ τB − τA
=
D
c
(1 + zd)
( 1
2
(
®θ2B − ®θ2A
)
+ (®θA − ®θB) · ®β
− Ψ(®θB) + Ψ(®θA)
)
.
(2)
Measuring time delays between images of strongly lensed
quasars is a conventional method employed to test cosmol-
ogy. However, since Equation (2) is dependent on the di-
mensionless lensing potential Ψ, time delay measurements
are limited by the assumptions and accuracy of the lens
model. Simple gravitational lens systems are rare, and obser-
vational constraints on the lens model are limited due to the
existence, typically, of only two or four images per system
(Schneider & Sluse 2013; Birrer et al. 2019).
Figure 1. The luminosity of an unlensed source Lint(t) as seen
by an observer, and of the corresponding lensed images A and
B (LA(t) and LB (t) respectively), as a function of time. The sig-
nals corresponding to the unprimed times arise from a reference
point in the source at ®β, and the signals corresponding to primed
times arise from a spatially perturbed location ®β+δ ®β. The tempo-
ral intervals corresponding to the time delay and the time delay
difference are marked.
Furthermore, Falco et al. (1985) showed that lens mod-
els are in fact degenerate. All observables (such as relative
image positions and magnification ratios) are invariant, ex-
cept for H0∆τ, under a family of transformations of the mass
profile of the lens along with a translation of the unobserv-
able source position. Any given set of measurements of image
positions and fluxes in a lens system therefore can be con-
sistent with a number of different lens models, and therefore
a number of different values of H0 whilst preserving the ob-
served time delay ∆τ. Uncertainties in the estimated values
of cosmological parameters from different gravitational lens-
ing systems, and even in separate analyses of the same sys-
tem can therefore be quite large due to poorly-constrained
assumptions made on the mass distribution (for reviews, see
e.g. Jackson 2015; De Grijs 2011; Schneider & Sluse 2013).
2.2 Differential Time Delays
We present a method using differences in differential time
delay measurements to probe cosmology. In the following,
MNRAS 000, 1–8 (2018)
A Geometric Probe of Cosmology: I. Lensing & Reverberation Mapping 3
Figure 2. Schematic illustration of two flares, one at a reference
point ®β in the source, and the other at a spatially perturbed
location ®β + δ ®β in the source; and their corresponding signals in
two lensed images (see Yonehara 1999). The arrows corresponding
to TA and TB are guides to show TX ≡ t′X − tX , as opposed to
tX − t′X .
we show that this approach avoids entirely the systematic
lens-modelling problem which usually dominates the error
budget.
Let us model a quasar as a collection of point sources,
surrounding the central engine. It is convenient to set the
central engine as the reference point source at position and
line-of-sight physical distance ( ®β, ls); we then consider any
point source at ( ®β + δ ®β, ls + δls), spatially offset from the
central engine. Should an observer measure a hypothetical
unlensed signal from the spatially offset point at a time t = t ′i ,
then the lensed signal observed in a given image X would
appear at time t ′X = t
′
i + τ
′
X and at a position
®θX + δ ®θX . We
use the following shorthand notation for the perturbed time
delay:
τ′X ≡ τ(®θX + δ ®θX, ®β + δ ®β, ls + δls)
=
DdF(ls + δls)
c
(1 + zd)
( 1
2
(
(®θX + δ ®θX ) − ( ®β + δ ®β)
)2
− Ψ(®θX + δ ®θX )
)
.
(3)
where F ≡ DsDds . We can similarly define a time delay between
lensed images for the signal originating from the perturbed
source,
∆τ′BA ≡ τ′B − τ′A. (4)
The situation is illustrated schematically in Figures 1 and 2.
We have further defined Tint ≡ t ′i − ti as the interval between
the hypothetical unlensed signals from the perturbed and
reference point sources. From Figure 1 we can see that the
interval TX between signals in a given image X is given by
TX ≡ t ′X − tX = t ′i − ti + τ′X − τX = Tint + δτX (5)
where we have defined the difference in time delay between
the perturbed and reference points within image X, the dif-
ferential time delay, as
δτX ≡ τ′X − τX . (6)
If the signals are concurrent, and at the same line-of-sight
distance within the source, then Tint = 0 and so TX = δτX ,
i.e. the interval between signals in image X is the differential
time delay within image X.
Computing δτX to first order in δ ®β, δls and δ ®θX , as
shown by Tie & Kochanek (2018), gives:
δτX =
D
c
(1 + zd)
(
( ®β − ®θX ) · δ ®β
+
δls
F
dF
dls
(
1
2
(®θX − ®β)2 − Ψ( ®θX )
) )
to 1st order.
(7)
However, the second term corresponding to a displacement
of the source in the line of sight of the observer is very small;
we can therefore disregard δls for lensing time delays:
δτX =
D
c
(1 + zd)( ®β − ®θX ) · δ ®β to 1st order. (8)
We furthermore define the time delay difference be-
tween images A and B as
δ(∆τBA) ≡ ∆τ′BA − ∆τBA
= TB − TA = δτB − δτA.
(9)
We see that it is the difference in the differential time delays
of an image pair. Importantly, the time delay difference is
independent of ®β and Ψ(®θX ) to first order in δ ®β and δ ®θX
(Yonehara 1999; Goicoechea 2002; Yonehara et al. 2003):
δ(∆τBA) = Dc (1 + zd)
(
®θA − ®θB
)
· δ ®β to 1st order. (10)
The time delay difference δ(∆τBA) is solely determined by
cosmology through the lensing distance D, the geometry of
the lensing configuration and the spatial separation within
the source δ ®β in the plane of the sky. The lens redshift and
image positions can be measured directly, with the only re-
maining unknown being δ ®β. Remarkably, this expression re-
moves much of the uncertainties associated with lens mod-
elling in using time delay measurements to constrain cos-
mology. Time delay difference measurements hence appear
to be an ideal avenue for testing cosmological models if δ ®β
can be determined: we turn to this in the next section.
3 BROAD LINE REGION REVERBERATION
MAPPING
The lensing time delay τX measures the time delay between
a lensed light ray and its hypothetical unlensed counterpart
from the same point source. As we wish to compare arrival
times for signals from spatially separated sources, we must
include an extra geometric delay arising from the difference
in path lengths for the unlensed rays. We also need to know
the relative emission times of the signals from the different
source positions. The combination of these factors gives the
time interval Tint between the signals in the previous section.
Furthermore, given Equation (10) for the time delay differ-
ence, we wish to determine the displacement δ ®β within the
source. Although quasars remain spatially unresolved even
with the best telescopes and at the lowest redshifts, we are
still able to determine the quasar structure.
The spectra of quasars have characteristic broad emis-
sion lines corresponding to gas clouds, known as the Broad
Line Region (BLR), surrounding the central emitting accre-
tion disk at some distance. Photons travelling outwards from
MNRAS 000, 1–8 (2018)
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the central source are absorbed and re-emitted by the BLR
gas. The broad emission lines therefore respond to varia-
tions in the continuum luminosity of the central source with
a time delay determined by the BLR geometry.
Using this measured time delay to deduce the geometry
of the BLR is an established technique known as reverber-
ation mapping (Blandford & McKee 1982; Peterson 1993;
Shen et al. 2014; Dexter et al. 2019). Since the BLR response
time is set by the speed of light, the BLR reverberation sets
an absolute distance scale, ideal for determining δ ®β. As the
distance scale of the BLR is much greater than the accretion
disk, the resultant differential time delay effects are substan-
tially larger than those considered in previous literature (e.g.
Yonehara 1999; Goicoechea 2002; Tie & Kochanek 2018).
For a particular BLR cloud located at a spatial position
®r relative to the central source, the associated time delay rel-
ative to the central source is determined by the reverberation
mapping constraint equation:
τBLR ≡ (1 + zs)τ˜BLR = (1 + zs)c
(|®r | − ®r · nˆ) (11)
where nˆ is the unit vector towards the observer. The first
term is the time taken for a photon to travel from the cen-
tral source to the BLR cloud, i.e. the difference in emission
times. The second term is the extra time for a photon to
travel from a given BLR particle to the observer, as com-
pared with a photon from the central source to the observer.
The cosmological redshift factor (1 + zs) corrects the time
delay in the quasar rest frame, τ˜BLR, for the time delay as
measured in our observer frame, τBLR. The time interval be-
tween an unlensed signal from a point source in the BLR at
( ®β + δ ®β, ls + δls) compared with an unlensed signal from the
central engine at ( ®β, ls) is therefore Tint = t ′i − ti = τBLR.
The BLR may be approximated by a flat geometry
in Keplerian orbit around a central black hole, e.g. Grier
et al. (2017). As a toy example of reverberation mapping,
we therefore consider an infinitesimally thin BLR ring, at
the same redshift as the central source, facing the observer
plane with a constant linear number density. The observed
luminosity of the BLR, proportional to the number of re-
sponding particles N at a given time, is
Lring(τBLR) ∝ dNdτ˜BLR ∝ δ
(
τ˜BLR − Rc
)
, (12)
i.e. a Dirac delta function at a single time delay value τ˜BLR =
R
c , where R is the radial distance of the thin ring from the
central engine. We recognise intuitively this time delay as the
light travel time between the central source and any cloud on
the BLR ring, in accordance with the constraint Equation
(11). In this simplest form of reverberation mapping, as is
often used for estimating black hole masses, BLR time delay
measurements directly give an estimate for an average BLR
radius (e.g. Bentz & Katz 2015; Kaspi et al. 2017; Ilic´ et al.
2017). This is in contrast with more sophisticated geometric
and kinematic models of the BLR, (e.g. Sturm et al. 2018;
Mangham et al. 2019), which we will explore in future work.
4 GRAVITATIONALLY LENSED BROAD LINE
REGION REVERBERATION MAPPING
We continue to consider the toy model for the BLR outlined
in the previous section. For a lensed quasar, we observe mul-
Figure 3. A representation of the source centred at ®β surrounded
by the thin ring BLR (black circle), not to scale with the labelled
image positions ®θA and ®θB . Lines in the ®β − ®θA direction (red),®β− ®θB direction (blue), and ®θA− ®θB direction (green) through the
source are labelled. The points in the source that lie furthest in
the ±( ®β− ®θX ) direction map to points in image X with the maximal
and minimal time delay respectively, δτX = ±|δτX |max, compared
to the source centre. The total differential time delay across im-
age X is therefore 2 |δτX |max. The linear dependence of δτX upon
the component of the source position in the ®β − ®θX direction re-
sults in the arcsine distribution of the flux. Similarly, the points
in the source that lie furthest in the ±( ®θA − ®θB ) direction give the
maximal and minimal time delay differences, ±|δ(∆τBA) |max, rel-
ative to the source centre. These points, when mapped to image
X, have a differential time delay of ±δτ∗X respectively, as given by
Equation (19). The actual maximal measurable time delay differ-
ence is therefore 2 |δ(∆τBA) |max = 2(δτ∗B − δτ∗A), arising from the
difference in differential time delays from across the entire BLR
diameter.
tiple images where the BLR ring is distorted into ellipses
(see Figure 5). However, due to the effect of the differential
time delay, only part of the ellipse emits the flux visible in a
given moment of time. Each point within the lensed quasar
images responds to the continuum emission in the source
with a total time delay equal to the time delay from the
BLR geometry τBLR plus a time delay τX from lensing.
Recall that for an unlensed quasar, there is a Dirac delta
signal from the central source at t = ti across all wavelengths
(i.e. the continuum emission). This is followed by a Dirac
delta signal from the entire BLR ring at t = t ′i = ti + τBLR
in the broadened emission lines. The time that we see the
continuum signal in image X is given by
tX = ti + τX . (13)
The time that we see a signal originating from a perturbed
source position ( ®β + δβ, ls + δls) in image X is similarly given
by
t ′X = t
′
i + τ
′
X = ti + τBLR + τX + δτX (14)
using τ′X = τX + δτX , as we note τX is constant in δ ®β (as
opposed to τ′X).
The variability in the BLR emission lines for a thin face-
MNRAS 000, 1–8 (2018)
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Figure 4. The effect of the differential time delay over an image
on the reverberation mapping signal for the toy model considered
in this paper. The unlensed view of the flux (red) is a Dirac delta
function, as the entire BLR is seen to reverberate at the same
time; this is distorted by differential lensing into the extended
signal (blue). The width of this signal corresponds to 2 |δτX |max.
The dashed line shows the prediction from Equation (15), an arc-
sine distribution.
on ring geometry is a function of only δτX since ti and τX
are fixed; and τBLR is constant. We choose coordinates (for a
particular image X) such that ®β−®θX points in the yˆ direction.
From Equation (8), we have that δτX depends linearly on the
y component of δ ®β. As a result of this spatial dependence,
only part of the BLR image emits the flux visible in a given
moment of time; see Figures 3 and 5.
To find the luminosity LX (t) in image X at time t for
a signal originating from an arbitrary location on the BLR
ring, we need only find LX (δτX ). Let δ ®β = (x, y) and using
dN
dy =
2N
2pi |δ ®β |
|δ ®β |√
|δ ®β |2−y2
we have then that
LX (t) ∝ dNd(δτX ) =
1
D
c (1 + zd)| ®β − ®θX |
dN
dy
=
N
pi
√
|δτX |2max − |δτX |2
,
(15)
where |δτX |max = Dc (1 + zd)| ®β − ®θX | |δ ®β |. Lensed BLR signals
are therefore widened temporally into an arcsine distribution
at each instant.
The situation is illustrated in Figure 4. In an image X,
we see a Dirac delta function lensed continuum signal at
time tX = ti + τX , whereas the BLR signal in the emission
lines is temporally widened into an arcsine distribution due
to the spatially-dependent lensing time delay. The point on
the ellipse that responds soonest does so at time ti + τBLR +
τX − |δτX |max and the point on the ellipse that responds with
the greatest time delay does so at ti + τBLR + τX + |δτX |max.
The arcsine distribution is therefore temporally centred at
t¯ ′X = ti + τBLR + τX , with a width of 2|δτX |max.
We can measure τBLR, and hence R, by subtracting the
time we see the lensed continuum signal in that image from
the time at which the lensed BLR signal is centred:
|t¯ ′X − tX | = |τBLR | = (1 + zs)
R
c
. (16)
We may thereby use reverberation mapping time delays to
determine the source size
|δ ®β | = R
Ds
=
c |τBLR |
(1 + zs)Ds (17)
of lensed quasars, and we obtain a separate measurement of
R for each image. Recalling Equation (10), we have
|δ(∆τBA)|max = DdDds
(1 + zd)
(1 + zs) |
®θA − ®θB | |τBLR |. (18)
The redshifts, the image separation | ®θA − ®θB |, and the BLR
time delay τBLR are measured quantities. Once the time de-
lay difference |δ(∆τBA)|max is measured, the ratio of angular
diameter distances DdDds may be constrained.
We note that na¨ıvely subtracting the widths 2|δτX |max of
lensed signals from two different images does not give a mea-
surement of the time delay difference, including not of the
maximum time delay difference: |δ(∆τBA)|max , |δτB |max −
|δτA |max. Rather, |δ(∆τBA)|max = δτ∗B−δτ∗A where δτ∗X is given
by
δτ∗X =
D
c
(1 + zd)
( ®β − ®θX ) · ( ®θA − ®θB)
| ®θA − ®θB |
|δ ®β | (19)
as illustrated in Figure 3.
For more complicated BLR geometries we will need to
distinguish the lensing effects from the response function
of reverberation mapping. In general, the lensed luminosity
function for an arbitrary geometry will be the convolution
of the unlensed luminosity function for that geometry with
the arcsine response corresponding to a face-on thin ring.
Finding the appropriate timescale from the observed lumi-
nosity function corresponds to performing an inversion of
this convolution, which may be a nontrivial task.
5 A MEASUREMENT METHOD USING
LENSED QUASAR SPECTRA
The spectra of lensed quasars contain more information than
a measurement of the flux, as different spatial regions in the
quasar are distinguishable through their velocities and hence
the measured wavelengths. This additional information en-
ables us to directly measure the differential time delays re-
quired to provide cosmological constraints. We leave the full
kinematic signature, comprised of multiple spatial and ve-
locity components at each instant, for a future contribution.
As a simplified example, we consider “cloud 1” at ®r1 and
“cloud 2”at ®r2 within an arbitrary BLR geometry, possessing
different velocities ®v1 and ®v2 relative to the central source.
For a particular Doppler broadened emission line, we see an
increased luminosity in the spectra of image A, at a wave-
length corresponding to cloud 1, at time t ′
A,1. Similarly, at
time t ′
B,1 we see a brightening in the spectra of image B at
the same wavelength corresponding to cloud 1. At a time
t ′
A,2 we see an increased luminosity in the spectra of image
A at a wavelength corresponding to cloud 2; this occurs in
image B at a time t ′
B,2.
MNRAS 000, 1–8 (2018)
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Figure 5. A typical configuration for a lensed quasar, showing
the thin ring BLR structure of the quasar and its four images.
The critical lines are marked by dashed grey lines. Image posi-
tions were calculated using a softened elliptical lens model with
a core radius of 0.1θE and ellipticity of 0.1, setting source at
®β = (0.065, 0.065)θE , where θE denotes the deflection scale of the
lens. The differential time delays within images A and B (relative
to the source centre) are shown; their respective maximum values
are similar, since | ®β − ®θA | = 1.02θE ∼ | ®β − ®θB | = 0.97θE .
Recalling t ′X as given by Equation (14), we have
t ′X,1 = ti + τBLR,1 + τX + δτX,1
t ′X,2 = ti + τBLR,2 + τX + δτX,2.
(20)
Since we are able to measure t ′
X,1 and t
′
X,2 directly from the
lensed spectra of each image, we are able to measure the
differential time delays within each image
t ′X,2 − t ′X,1 = (τBLR,2 − τBLR,1) + (δτX,2 − δτX,1) (21)
and take the difference in the differential time delays be-
tween the two images
(t ′B,2− t ′B,1)−(t ′A,2− t ′A,1) = (δτB,2−δτB,1)−(δτA,2−δτA,1). (22)
This is the time delay difference between clouds 1 and
2, and it will be measured to be a maximal value for a par-
ticular wavelength pair. These wavelengths correspond to
clouds 1 and 2 located on opposite sides of the BLR in the
direction of the image-image axis on the sky (see Figure 3),
such that:
(δτB,2 − δτB,1) − (δτA,2 − δτA,1) =max 2δτ
∗
B − 2δτ∗A
= 2|δ(∆τBA)|max
(23)
where δτ∗X is given by Equation (19).
Having obtained a measurement of the time delay dif-
ference, we have direct observational measurements of all
components of Equation (18) with the exception of the ratio
of the angular diameter distances DdDds . This is a determina-
tion of cosmological distance ratios that is independent of
astrophysical modelling.
Figure 6. An illustration of the dependence of the ratio of the
angular diameter distances
Dds
Dd
on the dark energy density and
matter density parameters ΩΛ and Ωm assuming ΛCDM cosmolo-
gies. In top left plot we vary zl in equal intervals from 0.1 to 1
for a standard ΛCDM cosmology; in the top right plot we show
the dependence of
Dds
Dd
on the dark energy density ΩΛ (equiv-
alently Ωm) under assumption of spatial flatness, Ωm + ΩΛ = 1.
In the bottom row, we allow curvature to vary from flat. For the
top right plot and bottom row, lines are plotted in equal intervals
from 0 to 1 in ΩM and ΩΛ.
The measurement of the differential time delay across
images is a measure of a dimensionless ratio of angular di-
ameter distances and thus insensitive to H0; it is therefore
complementary to probes of cosmology such as the standard
time delay (see Linder 2004, 2011, for a discussion on the
dependencies of other distance ratios and the resulting de-
generacies). In Figure 6 we explore the sensitivity of this
dimensionless ratio on various cosmological parameters, re-
vealing that DdsDd is more sensitive to Ωm than to ΩΛ, with
a strong cosmological lever based upon the source redshift.
We note that by measuring both the conventional time
delay between images ∆τBA ∝ DdDsDds and the time delay
difference δ(∆τBA) ∝ DdDds , we may obtain
∆τBA
δ(∆τBA) ∝ Ds, i.e.
the angular diameter distance to the source.
6 TIMESCALES & OBSERVABILITY
Typical BLR radii range from a few light days to a few hun-
dred light days, as estimated from reverberation mapping
(Chelouche et al. 2014; Bentz & Katz 2015; Kaspi et al.
2017; Ilic´ et al. 2017; Lira et al. 2018; Sturm et al. 2018),
corresponding to an angular extent on the sky on the order
of 10−11 to 10−10 rad. For a ΛCDM cosmology considering
typical lens redshifts of 0.3 − 1 and source redshifts 1 − 4
(and potentially up to z ∼ 7), we expect that Dc (1 + zd) is
on the order of 1017 to 1018 s. Recalling Equation (8) and
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Equation (10), we have
|δτX |max ∼ |( ®β − ®θX )| × (106 − 108)s (24)
|δ(∆τBA)|max ∼ |(®θA − ®θB)| × (106 − 108)s (25)
which sets the timescale for the differential time delay within
the image and the timescale for the time delay difference
between images. The minimum resolution at which we need
to sample for the differential time delay is set by 2δτ∗X which
will be some fraction of 2|δτX |max.
Considering cluster-scale lensing, with an angular de-
flection scale θE ∼ 10 − 100′′, the largest image separations
are twice the deflection scale, ∼ 20 − 200′′ ∼ 10−4−10−3 rad.
This gives a differential time delay within the images δτ, as
well as a time delay difference δ(∆τ), on the order of hours
to days. On a galaxy scale, the image separations are ∼ 2′′ ∼
10−5 rad, giving a differential time delay and time delay dif-
ference on the order of minutes.
As an example, consider a high redshift quasar at zs = 3
with a 200 light day BLR radius, lensed by a mass at zl ∼ 1,
with two images C and D separated by ∼ 1.7θE as illustrated
in Figure 5. For a galaxy scale lens, the differential time
delay across the image is 2|δτX |max ∼ 2δτ∗X ∼ 12 min, with a
time delay ∆τDC between images on the order of a month.
For small clusters, we have 2|δτX |max ∼ 2δτ∗X ∼ 2 h; whilst the
time delay ∆τDC is on the order of a decade. For a very large
cluster lens, the differential time delay within each image is
2|δτX |max ∼ 2δτ∗X ∼ 20 h. However, the time delay ∆τDC is
on the order of hundreds to thousands of years, rendering
measurements unattainable.
The most promising scenarios for measuring the stan-
dard time delays between images ∆τ as well as differential
time delays δτ are those for which the δτ timescale is still
significant whilst reducing the ∆τ timescale. In addition to
using quasars with emission lines corresponding to clouds at
larger radii, we may look for elliptical lenses where image
separations can approach zero as the source crosses caus-
tics. Such configurations can result in reasonable timescales
for both differential time delays and time delays between im-
ages. For example, the quintuply cluster-lensed quasar SDSS
J1004+4112 has a close image pair separated by only 3.8′′,
such that the time delay between the two images is on the or-
der of 40 days (Fohlmeister et al. 2007, 2008), and the same
order of magnitude time delays between close image pairs oc-
cur in the sextuply cluster-lensed quasar SDSS J2222+2745
(Dahle et al. 2015; Sharon et al. 2017).
To demonstrate using the same example configuration,
consider images A and B, with a much smaller separation
∼ 0.4θE . For a galaxy scale lens, the differential time de-
lay is 2|δτX |max ∼ 20 min, with 2δτ∗A ∼ 4 min, 2δτ∗B ∼ 2 min,
and the time delay between images is ∆τBA ∼ 10 h. For a
small cluster, we have 2|δτX |max ∼ 2 h, 2δτ∗A ∼ 40 min, 2δτ∗B ∼
15 min, and ∆τBA on the order of a month. On very large
cluster scales we see a differential time delay on the order
of 2|δτX |max ∼ 20 h, with 2δτ∗A ∼ 7 h, 2δτ∗B ∼ 3 h; whereas the
time delay is on the scale of a decade.
The measurement of these time delays within images
and time delay differences between images are therefore re-
liant on the availability of light curves and spectra sampled
with a frequency on the order of minutes. Long-term op-
tical variability surveys such as The Optical Gravitational
Lensing Experiment (OGLE; Udalski et al. 2015) and the
Panoramic Survey Telescope and Rapid Response System
(Pan-STARRS; Chambers et al. 2016) are ideal for measur-
ing time delays in already-monitored lensed quasars, in ad-
dition to the dedicated COSMOGRAIL program (Courbin
et al. 2004). Recent discoveries of lensed quasars using these
variable sky surveys, such as Kostrzewa-Rutkowska et al.
(2018) and in particular multiply imaged quasars such as
Berghea et al. (2017) are very promising for time delay mea-
surement endeavours. Spectroscopic data needed for time de-
lay difference measurements is obtainable through the Time-
Domain Spectroscopic Survey (TDSS; Ruan et al. 2016) for
photometrically variable targets, including quasars, selected
from e.g. Pan-STARRS and archival Sloan Digital Sky Sur-
vey imaging.
The limiting factor of variable sky surveys is the rela-
tively poor time sampling currently available. Quasars be-
hind the Magellanic Clouds detected with OGLE are likely
to remain amongst the most densely sampled (1−3 d) long-
term light curves available until the advent of the Large
Synoptic Survey Telescope (LSST; Koz lowski et al. 2013).
The main survey of the LSST (Ivezic´ et al. 2019) will moni-
tor the transient optical sky by tiling the sky with images of
approximately ten-square-degrees, with two “visits” (a pair
of 15 second exposures per visit) on a given night, separated
by 15-60 minutes (LSST Science Collaboration et al. 2009).
Oguri & Marshall (2010) discusses prospects for detecting
strongly lensed time-variable sources in current and future
time-domain optical imaging surveys; the number is esti-
mated to be ∼ 3000 for the LSST. The LSST project will
furthermore include one hour of intensive observation per
night of a set of “Deep Drilling Fields” (DDFs) which will
provide more frequent temporal sampling than the main sur-
vey. 50 consecutive 15-second exposures could be obtained
in each of four filters in an hour, providing light curves of ob-
jects on hour-long timescales, which would be ideal for mea-
suring the difference in time delay within images of lensed
quasars; exactly how the LSST observations will be taken
and the details of these intensive observations are not yet
finalised (LSST Science Collaboration et al. 2017).
7 CONCLUSIONS AND FUTURE WORK
Measurements of differential time delays across the gravita-
tionally lensed images of reverberating BLR quasars offers a
new and purely geometric test of cosmology. Such tests are
highly relevant in an era when independent determinations
of cosmological parameters are crucial to resolving tensions
and bypassing systematic challenges associated with conven-
tional methods. The method we have presented of measuring
the time delay difference averts the degeneracies and diffi-
culties inherent in lens modelling that typically affect time
delay cosmography.
The time delay difference is determined by cosmology
via a ratio of angular diameter distances, the image separa-
tion on the sky, and the spatial separation within the source.
We have shown that gravitationally lensed reverberation-
mapped quasars may be used as a means of constraining
the source size. The BLR radius of the quasar may be mea-
sured, in the simplified case of our toy BLR model, directly
from the difference in observed time between the lensed con-
tinuum signal and the centre of lensed BLR signal.
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Furthermore, the spectra of the lensed quasar may be
used to measure the time delay difference, as it carries addi-
tional information, the velocity and hence the spatial origin
of the BLR cloud, via the wavelength of each signal. The
result is that the ratio of angular diameter distances, DdDds ,
may be determined. This is a dimensionless ratio that de-
pends most strongly on the matter density parameter, as
well as the dark energy density parameter, and its determi-
nation will provide constraints on cosmology complementary
to those from standard time delay measurements.
A thorough analysis of the impact of microlensing upon
the signatures of the differential time delay will be conducted
in a future paper. In particular, we expect that microlensing
would impact observations of the continuum and line emis-
sions differently, since the central source is smaller than the
BLR. However, microlensing effects may be distinguished
from the intrinsic quasar variability since variations from
microlensing will be uncorrelated in different quasar images,
whereas intrinsic variations appear in both images at differ-
ent times. Furthermore, the chromatic effects of microlens-
ing will be reduced by considering sources with larger radii
(compared with the scale of the Einstein radius of typical
microlenses in the source plane). Finally, we may choose
lensing systems where the optical depth to microlensing is
small, such as systems where images appear in the outer
regions of the lensing galaxy.
We will also investigate in future work the sensitivity of
the ratio DdDds to cosmological parameters. We will include
image configurations from realistic lenses and consider the
measurement of time delay differences from highly-magnified
images resulting from the source passing through a caus-
tic. We will also consider realistic BLR models possessing a
velocity function and include reverberation signals passing
through geometric features in the BLR; and consider the ef-
fect of the amplitude of quasar variability on the relevant
time scales.
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